RELATIVE COMPACTIFIED JACOBIANS OF LINEAR SYSTEMS ON 

ENRIQUES SURFACES 
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Abstract. Given a general Enriques surface T and a genus g linear system |C| on T, we consider 
the relative compactified Jacobian N = Jac(|C|) — > |C|. Let / : S — ¥ T be the universal K3 cover 
and set D — f*C. We show that iV is a smooth (2g — 1) -dimensional variety and that it admits an 
etale double cover to a Lagrangian subvariety of the relative compactified Jacobian M = Jac(|D|). 
The main results are that, under some technical assumption that can be verified for low values of 
g, we prove that m(N) ^ Z/(2), that uj n S On, and that h pfi (N) = for p / 0, 2g - I. 
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1. Introduction 



Moduli spaces of sheaves on K3 surfaces are among the most studied objects in algebraic geometry. 
Part of their interesting features is that they inherit the rich structure coming from the K3 surface 
itself. For example, by work of Mukai [Muk84] . the symplectic structure on the surface induces 
a holomorphic symplectic structure on the smooth locus of the moduli space. When smooth and 
projective, these moduli spaces provide examples of compact irreducible hyperkahler manifolds 
|Bea83j . |Huy97| , |Muk84| . 

The geometry of hyperkahler manifolds is rich and very few examples of such manifolds are known 
[Bea83], [0'G99], [O'G03]. One of the reasons why hyperkahler manifolds have attracted attention 
is that they are, together with Calabi-Yau manifolds and complex tori, the building blocks of Kahler 
manifolds with trivial first Chern class |Bea83] . 



On the other hand, not much work has been done on moduli spaces of sheaves on Enriques surfaces, 
even though it is natural to expect that their geometry is tightly related to moduli spaces of sheaves 
on the covering K3 surface. In [Kim98] the author studies the moduli space of stable vector bundles 
on an Enriques surfaces and shows that it admits a double cover to a Lagrangian subvariety of a 
hyperkahler manifold, unramified away from the singularities. In [Kim06j he analyzes in more detail 
the case of rank two vector bundles and Hauzer's paper [HaulO] improves his results. Recently, 
and independently from this work, M. Zowislok [Zowl2] considers the pullback morphism of pure 
sheaves (thus not necessarily torsion free) under finite unramified quotients of K3 or abelian surfaces 
and as in [Kim06j relates the construction to Lagrangian sub varieties of hyperkahler manifolds. 

The present paper studies the geometry of moduli spaces of pure dimension one sheaves on a general 
Enriques surface T. If we consider pure dimension one sheaves whose first Chern class is linearly 
equivalent to a given curve C, these moduli spaces may be described as the relative compactified 
Jacobian of a linear system |Cj. By a Rieman-Roch calculation, one can see that these spaces are 
always odd dimensional. In particular, they are not deformation of Hilbert schemes of points on T. 

In Section 2 we describe these moduli spaces. As in |Kim98] and |Zowl2] we relate them to a 
Lagrangian subvariety of some moduli space of sheaves on the covering K3 surface S. To define 
a moduli space of sheaves on a surface, one needs to consider a polarization, relative to which 
stability is defined. The main result of the section is that if we choose the polarization to be 
generic, and if the curve C is primitive, then the pullback morphism from the moduli space of 
sheaves on the Enriques to the moduli spaces of sheaves on the K3 surface is an etale double cover 
onto the aforementioned Lagrangian subvariety and, moreover, the moduli space itself is always 
smooth. 

Under some technical conditions (concerning the dimension of the fibers of the relative compactified 
Jacobian, see Assumption 12.22ft in Section 3 we prove that the fundamental group of these moduli 
spaces is isomorphic to Z/(2), thus the moduli spaces have the same fundamental group as the 
surface itself. 

In Section 4 we compute the second Betti number for the relative compactified Jacobian of a base 
point free linear system, by comparing it to the second Betti number of the family of curves itself. 
It turns out that the behavior is different in the case of hyperelliptic and not hyperelliptic linear 
systems. This reflects the fact that the moduli space of polarized Enriques surfaces of a given 
degree is not irreducible. 

Finally, in Section 5 we prove that the canonical bundle of the moduli spaces is trivial, under the 
same technical conditions of Section 3. This is surprising, since the Hilbert scheme of points on 
T has canonical bundle that is a two-torsion point of the Picard group. We also prove that these 
moduli spaces, as well as their universal covers, are irreducible Calabi-Yau manifolds, in the sense 
that all the Hodge number h p, ° vanish, except in top and bottom degree. 

We end the paper with a section describing the Calabi-Yau threefold that we get in the genus two 
case (where the condition is automatically satisfied). Where the general theory developed in the 
previous sections does not apply, we give specific arguments and prove that the Hodge diamond of 
the relative compactified Jacobian is 
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2. FlBRATIONS IN COMPACTIFIED JACOBIANS OF CURVES ON ENRIQUES SURFACES 

2.1. Set up and notation. Let T be an Enriques surface, and let S be its universal covering 
space, so that S is a K3 surface. We denote by / : S — > T the covering morphism and by i : S — > S 
the covering involution. Let lot be the canonical bundle of T. For any sheaf F on T, we set 

(2.1) F':=F®uj t . 

If F = L is a line bundle, then f*L = f*L'. For a curve C C T we let 

D := r\C) C S, 

be its inverse image. If g > 2, then 

is a non trivial covering, which is induced by the two-torsion line bundle 

(2.2) T]:=u T \c- 

In this case, the genus of D is given by h = 2g — 1. By a simple Riemann-Roch calculation, one 
can check that if C 2 > then the line bundle 0(C) <S> oj is also effective, and thus isomorphic to 
0(C) where C is a curve of the same genus (cf. |Cos83| ). 

Remark 2.1. [Nam85| The pullback 

(2.3) /* : NS(T)) -> NS(-S), 

is injective so that the image of the Neron-Severi group of T in the Neron-Severi group of S is a 
primitive sub lattice of rank 10. In particular, if we choose C so that its class is primitive in NS(T), 
then so is the class of D in NS(S'). By abuse of notation we say that a curve is primitive if its class 
in the Neron-Severi group is a primitive element of the lattice. 

From now on we let C C T be a primitive curve of genus g > 2, so that D C S is a primitive curve 
of genus h = 2g — 1. For any integer Xi we may consider the primitive Mukai vector 

(2.4) v = (0,D, X )€H*(S,Z). 

From Lemma 1.2 of [YosOlJ, it follows that when x / we can find a polarization such that all 
semi-stable sheaves are in fact stable. Such a polarization is called ^-generic. More specifically, 
Yoshioka's lemma tells us that the locus of ample line bundles that are not ^-generic is a finite 
union of hyperplanes in Amp(S). Such hyperplanes are called walls and they depend explicitly on 
v. 

If we let H be a u-generic polarization and assume that the moduli space 

(2.5) M := M V:H (S) 

of //-stable sheaves on S with Mukai vector equal to v is smooth and projective. By |Muk84j . M 
is an irreducible holomorphic symplectic variety of dimension 

(2.6) v 2 + 2 = D 2 + 2 = 2h. 



that is deformation equivalent to the Hilbert scheme of h points on a K3 surface. 
Let us now briefly mention a few facts we use about this moduli space. 

First of all, recall that the points of M correspond to /S-equivalence classes of sheaves of the form 

(2.7) uL 

where i : T C S is the inclusion of a curve in the linear system \D\, and L is a pure dimension one 
sheaf on T such that x{L) = x an d ci(i*L) = D. Notice that the condition on the first Chern class, 
together with the fact that D is primitive, implies that L has rank one on every reduced component 
of its support. 

Moreover, if Supp(i*L) is reduced and irreducible, then i*L is automatically stable with respect 
to any polarization and hence the S'-equivalence class coincides with the isomorphism class of the 
sheaf. 

Following [LP93], we consider the natural map 

(2.8) p:M->\D\ 

which sends a sheaf to the class of its support. The fiber Mt of p over a curve [Dt] in \D\ is the 
Simpson moduli space of degree d = x ~ 2h — 2 pure sheaves on Dt that are stable with respect to 
Oi) t (Hi Dt ). In particular, over the locus of nodal curves the fiber is isomorphic to some degree d 
compactified Jacobian of the corresponding curve Dt in the sense of [OS79] . 

Remark 2.2. By a theorem of Matsushita [Mat99j, p is equidimensional and the fibers are La- 
grangian with respect to the holomorphic symplectic form on M. In particular, p is flat. 

Remark 2.3. We now recall the construction, preformed by Mukai in his fundamental paper 
[Muk84], of the symplectic form on M. The symplectic form at a point [F] corresponding to a 
stable sheaf F, is given by the following compostion 

a : Ext 1 (F, F) x Ext 1 (F, F) A Ext 2 (F, F) ^ H 2 {S, O s ) = C, 
(e,/)— > eUf .— > tr(eU/) 

where the identification H 2 (S, O s ) = H 2 (S, ujs) — C is Serre dual to the isomorphism 

(2.9) H°(S,u s ) = Ca ^ C, 

defined by the choice of a, unique up to scalar, symplectic form a G H°(S,los)- 

Remark 2.4. As we mention above, a rank one torsion free sheaf on a reduced and irreducible 
curve is stable with respect to any polarization. In particular, the structure sheaf of a reduced and 
irreducible curve is stable. It follows that when we choose d = 0, the fibration M — > \D\ has a 
rational zero-section 

a : \D\ — » M, 

which is defined on an open subset of \D\ containing the locus of reduced and irreducible curves. 

Remark 2.5. It is well known that by choosing the Enriques surface to be general in moduli, we 
can ensure that 

(2.10) /*(NS(T)) = NS(5), 

so that l* acts as the identity on NS(S'). In particular, we can choose the ^-generic polarization 
H to be i*-invariant. Notice also that, under these conditions, the ample cones of the two surfaces 
are identified by means of /*. 
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From now on we assume that T is general (in the sense of the above remark). This assumption 
implies that there are no (— 2)-curves on T or on S, because the fact that /*(NS(T)) = NS(5) 
implies that the square of any class in NS(S') is divisible by 4. A surface with no smooth rational 
curves is called unodal. If T is unodal, then any line bundle L on T is ample (respectively nef) as 
soon as L 2 > (respectively L 2 > 0) and hence, by Proposition 3.1.6 of [CD89], of L 2 > then \L\ 
has no fixed component. 

Lemma 2.6. Let C C T be a primitive curve of genus g > 2. If C is irreducible, then so is its 
preimage D = / _1 (C). 

Proof. By Remark 12. II we know that D is primitive. Arguing by contradiction, suppose that D has 
more than one irreducible component. Since every irreducible component of D dominates C and 
the morphism is 2 : 1, it follows that D breaks into two irreducible components D\ and Di- Both 
components map generically 1 : 1 onto C and are interchanged by the involution. However, since 
l* acts as the identity on NS(S'), it follows that D\ ~ D<i and hence that D ~ 2Di, contradicting 
the fact that C and D are primitive. □ 

2.2. The construction. The pullback i* on the space of global sections H (S,O(D)) induces an 
action on the projective space \D\. The fixed locus of this involution is the union 

f*\C\Uf*\C'\ C \D\, 

of the two disjoint (g — l)-dimensional projective spaces \C\ and |C"|, which we view as subspaces of 
\D\ via the pullback /* on global sections. Since we are assuming that T is general we can suppose, 
by Remark 1 2. 5 \ that the polarization H is t*-invariant. 
As a consequence, we can define an involution 

(2 - U) [F] i y [l*F] 

by sending the 5-equivalence class of an //-stable sheaf F on M to the class of //-stable sheaf t*F. 

Lemma 2.7. The involution defined by $2.11\) is anti-symplectic, i.e. if u denotes the symplectic 
form on M , then = —uj. 

Moreover, the fibration p : M — > \D\ is equivariant with respect to the involutions l* defined above. 

Proof. Consider e, f € Ext 1 (F, F). We need to prove that 

co(i*e,i*f)) = -uj(e,f). 

By functoriality of the cup product and of the trace map, the following diagram is commutative, 
(2.12) Ext 1 (F, F) x Ext^F) ^ Ext 2 {F,F) tr ? H 2 {S,O s ) 



Ext 1 ^* F,l*F) x Ext 1 (t*F, i* F)^^ Ext 2 (l*F,l*F)^-^ H 2 (S,O s ) ■ 

Hence, in order to prove the Lemma, we just need to prove that the identification H 2 (S,O s ) = C 
changes sign if we compose it with t*. This follows from the fact that identification (|2.9p does 
change sign once we compose it with t*. 

As for the second statement, it is a consequence of the very definitions of t* and of p. □ 
We are interested in studying the fixed locus Fix(t) of this involution. 



Lemma 2.8. Fix(i) is a union of isotropic subvarieties of M. 
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Proof. First notice that since i is an involution on a smooth variety, every connected component 
of Fix(i) is smooth. The fact that every component is isotropic is a trivial consequence of Lemma 
I27F1 □ 

Before getting to the study of Fix(t), we change slightly the point of view, and consider Simpson 
moduli spaces of stable sheaves on T as well as on S. For locally free sheaves, this was done 
in [Kim98j . 

Lemma 2.9. Let F be a pure dimension one sheaf on T. Let A be an ample line bundle on T . If 
F is A- semi- stable, then f*F is H := /* A- semi- stable on S. 

Proof. First notice that since lot is a numerically trivial line bundle, tensoring a sheaf by lot does 
not change the numerical invariants of the sheaf itself. In particular, the operation of tensoring 
by lot preserves not only the slope, but also stability and semi-stability with respect to any line 
bundldl 

Let G C f*F be a sub sheaf. Using the projection formula for the finite flat morphism /, we see 
that f*G is a sub sheaf of the A-semi stable sheaf F © (F ® lot)- Clearly, we have x(G) = x{f*G). 
Moreover, since G is pure of dimension one, f*c\{G) = ci(/*G). Moreover, c\{G)-H = f^c\{G)-H', 
so that hh{G) = fiA(f*G). Since ^a(F) = (J>H'(F © F ® wt), the lemma is proved. □ 

Lemma 2.10. (cf. [Kim98]) Let E and G be two non isomorphic pure dimension one sheaves on 
S with the same slope. Suppose they are both A-stable and that f*E = f*G. Then, 

G = E ® LOT- 

Proof. If f*E = f*G, then we also have an isomorphism E © (E <g> lot) = f*f*E = f*f*G = 
G © (G (g) cut)- Since all maps from E to G are trivial, it follows that the composition E — > 
E © (E ® cut) — > G ® ujt is non zero. But E and G <S> ujt are stable of the same slope, so that 

E = G ® ojt 

□ 

Let F be a pure dimension one sheaf on T, as for K3 surfaces, we can define the Mukai vector, 

v{F) = (0, C1 (F), X {F)) GZ©NS(T)©Z. 
If ci(-F) is primitive, then by Remark 12. II so is v = v{f*F) in H*(S,Z). 

Lemma 2.11. Let B be a scheme, and let T on T x B be a flat family of pure dimension one 
sheaves on T. Then f^F is a flat family of pure dimension one sheaves on S. 

Proof. Since / is a flat morphism, we only need to prove that for any pure dimension one sheaf F on 
T, the pullback f*F is pure of dimension one. Let Q C f*F be a sub sheaf with zero-dimensional 
support. Since /*Q C F © F <g) cot, it follows that f*Q, and thus Q, is the zero sheaf. □ 

Set w = (0, [C], ^). With this notation and using the above lemmas, there is a well defined pullback 
map 

*: M W>A (T) — ► M V;H (S), 
(2 ' 13) [F] ^ [f*F] 

where M w a(T) is the moduli space of A-stable sheaves on T with Mukai vector w, and H = f*A. 
For simplicity we only consider the connected component of sheaves with support in |C|, even 



Recall that, contrary to what happens for torsion free sheaves, tensoring a pure sheaf of codimension greater or 
equal to one by a line bundle does not in general preserve stability. 
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though the same results hold for those sheaves with support in \C'\. As in [Kim98j, we can describe 
the fibers of this map. 



Lemma 2.12. \Takl3j Let E be a sheaf onT. If E = E ® uj t , then f*E is not simple. 
Proof. We have 

Rom(f*E, f*E) = Bom(E, fJ*E) = 

(2.14) = Hom(E, E) © Hom(E, E ® Ks) = 

Hom(£, E) © Hom(£, E). 

Thus C © C C Hom(/*S, f*E), and the Lemma is proved. □ 

If T is general so that Amp (5) = /* Amp(T) we can choose a polarization A that is w-generic and 
such that H = f*A is ^-generic, so that on both surfaces every semi-stable sheaf is stable. Under 
these conditions we have that the pullback of stable sheaves is again stable and not just semi-stable. 

Corollary 2.13. Let A be such that the strictly semi-stable loci of M W) a{T) and of M Vj h(S) are 
empty. Then for each sheaf [E] € M Wi a(T), we have 

E ^ E © w. 

Proof. Let £ be a stable sheaf on T. By assumption, f*E is stable and thus simple. It follows 
from Lemma |2~T21 that E ^ E © uj t . □ 

As in [Kim98] , let us now proceed to study the map <£. First, notice that $ factors via the closed 
embedding 

Fix(0 C M V , H (S). 

Let 

(2.15) : M W>A (T) Fix(i), 

be the induced morphism. We only consider the component of Fix(t) that lies over |C|. For 
simplicity we set 

(2.16) N = M wA (T), and M = M V>H (S). 
Proposition 2.14. The morphism <1> / defined above is etale. 

Proof. First, we prove, as in [Kim98j, that <&' is surjective. Let F be a instable sheaf on S which 
is L* -invariant, we want to show that, 

(2.17) F = f*G, 

for some sheaf G on T. Since T is a quotient of S by a Z/(2) action, the descent data translates 
into the existence of a morphism cp : t*F — > F, such that the following diagram is commutative 




Since F is simple this can always be achieved by multiplying any isomorphism l*F F by a 
suitable scalar. 

It follows that there exist a sheaf G such that f*G = F. It is easy to check that G is ^4-stable. 
Moreover, if Supp(F) G f*\C\, then Supp(G) € |C| and surjectivity is proved. 
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We next prove that $' is unramified. Consider a point [F] in N. Since F and f*F are stable 
sheaves, it is well known (cf. for e.g., Section 4.5 of [HL97] ) that the tangent spaces are 

T [F] N 2* Ext^(F, F), and T [f * F] M Ext^(/*F, f*F). 

Moroever, the tangent map of $ is just the natural morphism 

d$ : Ext^(F,F) -»■ Ext^(/*F,/*F), 

which is injective since F is not isomorphic to F (g> 

Since d& factors via d<3?', it follows that d<&' is also injective. On the other hand, since Fix(t) has 
the same dimension of N and is smooth, it follows that d& is an isomorphism. In particular, 
dim7|p]iV = dimiV so N is smooth at [F], and the claim follows. □ 

Corollary 2.15. If Fix(t*) non empty, then every component is Lagrangian. 

Proof. Suppose that Fix(i*) is non empty. By Proposition 12.141 every components is the image, 
under a finite pullback map, of a smooth moduli space of ^4-stable sheaves on T with Mukai 
vector w = (0, [C],$). It follows that the dimension of every connected component is equal to 
dimExt^(F,F). Since we already know that all the components of Fix(t*) are isotropic, this 
proves that they are Lagrangian. □ 

From what was said above, follows that there is a regular fix point free involution 
(2.18) j : [E] M- [E®ur], 

such that the quotient of the moduli space N = M Wj a(T) by j, 
(2-19) N/(j), 
is isomorphic to one connected component of Fix(i). 

From the proof of the above proposition, it also follows that if Fix(t) is non empty, then x = 2%' 
is an even integer. Let us from now on, set 

(2.20) X = 2d'-2g + 2, 
for some integer d' . Let 

(2.21) v:N->\C\, 

be the support map. By construction, the involution commutes with the projection p : M \D\ 
and $ is compatible with v and p. Every fiber Mf inherits an involution it and there is an induced 
etale double cover 

N t -)-Fix(tt). 

Notice that for the Jacobian of smooth curves, this is induced by the sequence 

(2.22) 1 -> Z/(2) -> Jac(C) Q Fix(i t ) C Jac(D). 

By |Mum74| . (vi) Section 2 and Corollary 2 Section 3, the fixed locus Fix(i) is exactly /*(Jacrf/(C)). 
For later use, we highlight the following 



2 As usual, set F' = F®ujt, and let — > F — > X — > F — 5-0 be a non trivial extension of F by F. Notice that since F is 
stable and not isomorphic to F' , we can deduce that Hom(X, F') = 0. If the pullback — > f*F —> f*X — > f*F — > 
splits, so does the sequence — > f*f*F — > f*f*X — > f*f*F — > 0. However, since Hom(X, F') = Hom(X', F) = 0, it 
follows that any morphism X © X' — > F © F' is diagonal. Hence, any morphism splitting — > f*f*F — >• f*f*X — > 
f*f*F — > induces a splitting ofO— > F ^ X — > F ^ as well. 



Remark 2.16. From [Mum74| it also follows that Fix(t) is equal to Im[(l+t) : Pic°(L>) -)• Pic°(L>)]. 
Now, since 

Pic°(D) = H 1 {D,0)/H 1 {D,Z), Pic°(C) = H x (C,0)/H x {C,Z), 

and 

(i + O# 1 (A0) = # 1 (Ae>) + , 

it follows that 

Fix(0 = f (H 1 (C, 0))/f (tf 1 (C, 0)) n H 1 (D, Z) 
= H 1 (D,0) + /H 1 (D,Z)r\H 1 (D,0) + , 
where H l {D, 0) + denotes the t-invariant subspace of H l (D, O). 

The following Lemma will be used in Section [3l 
Lemma 2.17. Both inclusions 

(2.24) (1 + l)(H 1 (D,Z)) c f*H l (C,Z), f*H l {C, Z) C H X (D, Z)+ 
are index 2 sub lattices. 

Proof. From the short exact sequence (|2.22p and Remark 12.161 it immediately follows that 

f*H\C,Z) C H l (D,Z) + 

is an index two sub lattice. 

For the first inclusion, we argue as follows, identifying as we may -ff 1 (C, Z) and Hi(C,Z). The 
degree 2 unramified cover / : D — )■ C is induced by an index two sub lattice K C i/i(C, Z). Let 
a in Hi(C,Z) be a primitive element that is not sent to zero under the natural projection onto 
Hi(C,7j)/K = Z/(2). Setting a\ := a, it is possible to complete a to a symplectic basis {aj,/3j}, 
such that the elements ctj, for every i 7^ 1, and for every i, lie in K. By construction, 

/* K C (1 + l)H 1 {D,Z). 

This is because the double cover is trivial when restricted to any cycle 7 representing a class in K, 
so that 

/* 7 = x + tx, 

with x and £.x disjoint cycles. On the other hand, since a := / _1 (ct) is connected and i{a) = d, we 
have 

2a = (1 + i)d. 

To conclude, it is sufficient to notice that a is not in (1 + l)H 1 {D,Z) since we can find a (3 in 
tf 1 (D, Z) such that i/3 = and (&J) = lE □ 

Notice that from the proof above, it also follows that 

(2.25) H 1 (D,Z) + /(1 + ^H^D,^) ^ Z/(2) x Z/(2). 

Recall that |C| = |C"| = P 9_1 , and let C7 C |C| and U' C |C"| be the open subsets parametrizing 
smooth curves. 

Let 

X := X v ^h,c, 

be the connected component of Fix(t) containing Fix(it), for some t in U. We can now sum up the 
results of this section in the following theorem 



■^We can choose for /3 one of the connected components of / 1 (/3o)- 

9 



Theorem 2.18. The connected component X o/Fix(t) is a smooth projective Lagrangian subvariety 
of M. The pullback morphism $' : ./V — > X of A2.15\) is an Stale double cover and the restriction of 
p : M — > \D\ to X induces a fibration 

(2.26) tt:X^\C\, 

whose general fiber is isogenous to the Jacobian of a general curve in the linear system \C\. If we 
choose d = 0, the fibration X — > \C\ has a rational section 

(2.27) a : \C\ -~ » X, 

defined on the complement of a closed subset strictly contained in the discriminant locus. The 
analogous statement holds for X' — > \C'\. 

Proof. First, notice that Fix(i) is non empty because in (|2.2U|) we set x to be even. Recall also that 
p is t-equivariant, so that there is an induced proper morphism 

7T : X ->■ \C\. 

which is surjective because the image contains the open subset U C \C\ of smooth curves. 

For any t in U C |C|, the intersection X n Mt is non empty, and thus equal to Fix(^). The fact 
that X is Lagrangian was shown in Corollary 12. 151 To see that -k : X — > P 9 ^ 1 has connected fibers, 

one can argue as follows. Let X A Z -\ P 9_1 be its Stein factorization. The morphism b is finite, 
but it is also birational since ir has connected fibers over a dense open subset of P 9_1 . Since Z is 
normal and P 9_1 is smooth, b is an isomorphism and hence it has connected fibers. As for existence 
of the rational section, it clearly follows from the existence of the rational section for p in the case 
d = 0. □ 

Remark 2.19. Let X\j and Njj be the inverse images of U under it and v respectively. Then 
7r : Xjj — > U and Njj — > U are smooth morphisms. Let 

AC \C\, 

be the discriminant locus of the family of curves, and let X& and be the inverse images. It 
was proved in [AIK77] that the compactified Jacobian of a reduced and irreducible curve of genus 
g with planar singularities is irreducible, i.e. that any rank one torsion free sheaf can be obtained 
as the limit of line bundles, and of dimension g. 

In particular, the two fibrations v and it are flat when restricted to the locus of irreducible curves. 

However, different problems may arise when dealing with non integral curves. First, notice that the 
compactified Jacobian of a given degree should be replaced by a Simpson moduli space with the 
appropriate numerical invariants, where the stability is taken with respect to a given polarization. 
In general, there can exist higher dimensional components of these moduli spaces. 

Example 2.20. Consider a smooth curve V of genus 7' > 2, and denote by T a non reduced scheme 
obtained by considering a double structure on V. We denote by 7 the genus of V. It was shown 
by Chen and Kass in [CKllj . that all components of the Simpson moduli space have dimension 7, 
except possibly a (ij' — 3)-dimensional component, which exists when 47' — 3 > 7 and parametrizes 
rank 2 semi-stable sheaves on T'. Let us now suppose that T and V are contained in a smooth 
surface Y, so that the scheme structure defining T is the one induced by the ideal sheaf 0(—2T'). 
By the adjunction formula, 

7 = 47' — 3 — degu;y|r"- 
It follows that the Simpson moduli space is pure of dimension 7 if and only if, 

(2.28) degcjyi r / = 0. 
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We would like to stress on the fact that (|2.28p is satisfied for every curve contained in a surface Y, 
as soon as the canonical bundle of Y is numerically trivial (K3, abelian, Enriques and bi-elliptic 
surfaces) . 

Moreover, for linear systems on K3 or abelian surfaces this kind of equidimensionality results are 
known. In fact, if we let v = (0, D, x) be any primitive Mukai vector and if we choose a v-generic 
polarization H, it follows by [Mat99j that the relative compactified Jacobian M v> h is flat over \D\ 
(cfr Remark I2.2j) . The proof, however, relies on the existence of a symplectic structure on these 
moduli spaces and cannot therefore be applied to moduli spaces of sheaves on other surfaces. 

It would be very nice to the answer to the following Question. 

Problem 2.21. When is the relative compactified Jacobian of a linear system on a smooth pro- 
jective surface flat? Is it flat for linear systems on Enriques surfaces? Can there exist irreducible 
components of which map to codimension > 2 subsets of A? 

The expectation of the author is that the relative compactified Jacobian of a linear system on an 
Enriques surface should be equidimensional. 

For Theorems 13.11 and 15.31 we will make use of the following assumption 

Assumption 2.22. The linear system |C| is such that there are no irreducible components of 
which map to codimension > 2 subsets of A0 

Notice that in some cases of low genus, where the curve of the linear system do not degenerate 
too much, one can show that the relative compactified Jacobian is equidimensional and thus flat. 
Examples of linear systems that satisfy equidimensionality are 

|ei + e2 1 , with e± ■ ei = 1, = 2, dim ./V = 3, 

(2.29) |e + /| with e • / = 2, g(C) = 3, dimiV = 5, 

|ei + e2 + e%\ with ei ■ ej = 1 for i ^ j, g(C) = 4, dimiV = 7. 

where ex, e2, e^, e and / are primitive elliptic curves. Notice that these linear systems do not 
contain non-reduced curves. 

Lemma 2.23. Let T be a general Enriques surface. Let \C\ be a linear system on T, satisfying 
A ssumvtion 1 2. 22[ For every irreducible component A, of the discriminant locus, the divisors 
are irreducible and isomorphic to the pullback v*Ai. 

Proof. Under the generality assumption on the Enriques surface, the general points of an irreducible 
component of the discriminant parametrize either irreducible curves, or the union of an elliptic 
curve and a smooth hyperelliptic curve meeting in one point. This is because the irregularity of the 
surface is zero so that any deformation of a curve is linearly equivalent to the curve itself. Hence 
the loci parameterizing reducible curve are isomorphic to the product of linear systems. Moreover, 
if C = C\ U C2, then \C\\ x | C2 1 has codimension > 2 in \C\, unless one of the two curves, say 
C\, is a primitive elliptic curve and C\ ■ C2 = 1 (see Proposition 2.9 of [ASF12]). We here remark 
that every smooth curve in the linear system is necessarily hyperelliptic, since the pencil |2Ci| cuts 
a g\ on every curve of \C\. See [CD89] for a more detailed discussion on linear systems whose 
general member is hyperelliptic. On the other hand, recall that the Jacobian of two smooth curves 
meeting transversally in one point is smooth and compact, in particular, it is irreducible. From 
Remark 12.191 it follows that for every i the general fiber of is irreducible. Hence, since we are 
assuming that no irreducible component of maps to codimension > 2 subsets of A, itself 



I would like to thank J. Kollar for pointing out to me that it is sufficient to ask for this last assumption and not for 
flatness. 
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is irreducible. 

Let us consider the case d' = 0. In this case, there is a section of X — > \C\ that is defined at the 
general point of every component of the discriminant locus. Indeed, it is defined on the locus of 
irreducible curves, but also on the locus of curves that are the union of an elliptic curve and a 
smooth curve meeting in one point. In particular, it is defined on a simply connected open set. 
Hence it lifts to a rational section (actually two sections, the second of which parametrizes the 
restriction of ujt to the curves) of v. It follows that all the components of and of X& are 
reduced. 

As for the case of arbitrary dl , observe that the restriction of X (and of N) to a general pencil 
P 1 C |C|, always has a section since the corresponding pencil of curves always has a section. It 
follows that for any d' the components of and of X& are reduced, and hence 

(2.30) X Ai = n*Ai, N Ai = v*{Ai). 

□ 



3. Fundamental group of relative compactified Jacobians 

This section is devoted to calculating the fundamental group of the relative compactified Jacobian 
variety constructed in Section [2j For simplicity will do it in the case of degree zero Jacobian 
varieties, even though the arguments work whenever there is a rational section, defined on an open 
subset of \C\ whose complement has codimension > 2. 

Throughout the section we will assume that \C\ is a linear system with the property that the generic 
line P 1 C \C\ is a Lefschetz pencil. In order to prove the main result of this section, we will also 
need Assumption 12.221 

Notice that the linear systems described in (|2.29p can be chosen general in moduli, in order to 
ensure the existence of Lefschetz pencils. 

Let v be the Mukai vector (0, D, x) where x = —h + 1 and let X = X v< h,c be the smooth projective 
variety of Theorem 12.181 Recall that since x = —h + 1, there is a rational section (I2.27P which is 
defined on an open set containing the locus of reduced and irreducible curves in \C\. 

Theorem 3.1. Let X and \C\ be as above, and suppose that \C\ satisfies Assumption \2.22\ Then, 

m(X) ^ Z/2Z x Z/2Z. 

Before proving this theorem, we will make a few preliminary remarks. 

The main ingredients in the proof are the following theorem of Leibman, as used in [MT07 , and 
the theory of Picard-Lefschetz (cf. [ACGlOj . Chapter XI). 

Theorem 3.2 (Leibman, [Lci93j). Let p: E — » B be a surjective morphism of smooth connected 
manifolds. Assume that p has a section s. Let W C B be a union of locally closed submanifolds of 
real codimension at least two. Set U = B\W and V = p~ l (U) and assume that V — > U is a locally 
trivial fibration with fiber F. Consider the exact sequence 

(3.1) 1 -Hri(.F) 47ri(V) ±5tq(*7) 1. 

p* 

Set H = ker(7ri([7) — > tti(B)) and view it, via s*, as a subgroup ofiri(V). Let R = [tti(F),H] be 
the commutator subgroup of tti(F) and H in iri(V). Then there is a split exact sequence 

(3.2) 1 ->■ R 7Tl(F) -> 7Tl(£) ±5 7Ti(5) ->• 1. 
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Notice that, by definition, R is generated by elements of type 

(3.3) c^X^cX, 

where c € ni(F) and A = s*(A) is a lifting of A E 7Q(i7) to 7Ti(V). 

By a theorem of Zariski, the fundamental group of the complement of a hypersurface in a pro- 
jective space is generated by the fundamental group of the complement of the intersection of the 
hypersurface with a general line. We will use this fact in dealing with the fundamental groups of 
the loci that parametrize smooth curves 

U= |C|\Ac \C\, Vc\D\. 

Via /* we view |C| as a subspace of \D\. We denote by A the discriminant locus of \C\ and by £ 
the discriminant locus of |JD|. Notice that 

degS = 2degA = 25. 

Consider a general line £ C |C|. Let t±, . . . ,tg be the points of the intersection A^ = £ n A. By 
Lemma 12. 6[ the curve is irreducible if and only if is irreducible. Moreover, since we are 
assuming that £ is a Lefschetz pencil, the curve has two simple nodes and the two nodes are 
interchanged by the involution. In other words, £ meets £ in its double locus. More specifically, 
we have the following 

Lemma 3.3. At each point ti of A^ such that is irreducible, there are two branches of £ that 
meet transver sally. Deforming the curve along either branch results in smoothing out one of the 
two nodes of D^. Moreover, the two branches are interchanged by the involution. 

Proof. First we observe that it is enough to check that one can smooth out only one of the two 
nodes of at a time. Indeed, acting with t interchanges the two nodes, so the involution has to 
send a family that smoothes out one of the two nodes to a family that smoothes out the other node. 
It follows that if we can smooth out one node at a time, there have to be two distinct components 
of the discriminant meeting in ti. 

Recall that a linear system on a K3 or Enriques surface is said to be hyperelliptic if it defines a 
degree two map onto a degree g — 2 surface in P 9_1 . By Proposition 4.5.1 of [CD89j . \C\ has base 
points if and only if it is hyperelliptic. In this case, \C\ has two simple base points, and the general 
member of |C| is a smooth hyperelliptic curve. Since we are assuming T to be general, by Corollary 
4.5.1 of |CD89| it follows that 

C = ne\ + e 2 , and D = nE\ + E 2 , n > 1, 

where the are primitive elliptic curve and e\ ■ e 2 = 1 and E{ = f~ 1 (ei). It is well known [SD74J 
that ip\E>\ maps S onto a degree h — 1 rational normal scroll R C P . Notice, moreover, that 
I x \(n — 1)E\ + -E2I is a multiplicity two component of X and that it parametrizes all the 
reducible curves in \D\. Notice also that 

(|£i| x |(n - 1)E 1 + E 2 \) n A = |ei| x \{n - l)e x + e 2 \. 

Going back to the proof, let us assume that linear systems are not hyperelliptic. Under our 
generality assumption the two surfaces contain no rational curves, and it follows that \D\ is actually 
very ample (see |SD74j Thm 6.1). In particular, the discriminant locus £ is irreducible, and the 
general point parametrizes curves with just one node. Hence, we can deform so that only one 
of the two nodes is smoothed out. 

Now, let us assume that \C\ is hyperelliptic In particular, all the singular curves in \D\ that don't 
belong to \E\ \ x \(n — 1)E\ + E 2 \ are irreducible and thus cover a smooth rational curve. We claim 
that the discriminant locus of \D\ is the union of two components, one which we have described 
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above, and the other one parametrizing irreducible curves. Moreover, we claim that the general 
curve parametrized by this component has only one node. Indeed, the ramification curve T of <J>\d\ 
is smooth so that imposing a tangency condition to T of a hyperplane section of R is a codimension 
two linear condition in \D\. This second component is thus isomorphic to a P /l ~ 2 -bundle over V. 
In particular it is irreducible and the general point parametrizes curve with only one node and no 
other singularity. □ 

Fix a base point o £ £ \ At. For each point ti,...,tg we can consider a cycle Aj E m(£ \ Ai, o) by 
considering a small disk around t{ and joining the boundary of the disk with the base point. The 
set 

(3.4) {AJ, 

forms a set of generators of m(£ \ {t\, . . . ,tg}) and thus of m(U). To each of these Aj's, we can 
associate a vanishing cycle a\ { . The vanishing cycle can be represented by a simple close loop, and 
the curve acquires a simple node as a result of the vanishing of a\ i . Recall that the Picard- 
Lefschetz transformation PL\ associated to a path A is, by definition, the monodromy action on 
the cohomology of C induced by the path A. Under our assumptions, it is given by the formula, 

PL x (c) = -c+(c,a)a, Vc £ iT 1 (C ,Z). 

Consider a small deformation £' of £ in \D\, and assume that it is transverse to the discriminant S. 

Suppose that \C\ and \D\ are hyperelliptic, and let us number the points U so that 

{h,t 2 } = £n | ei | x |0- l)ei + e 2 |. 

Then the monodromy action on the cohomology of C Q , induced by the cycles Ai and A2 is trivial, 
since the curves and Ct 2 are reducible and meet in one point (equivalently, because the vanishing 
cycle that produces the singularity of Ct 1 U Ct 2 is connected and trivial in homology) . 

If we let j : U — > V be the inclusion, then from the Picard-Lefschetz formula, it follows that the 
monodromy action of j*Ai and j*A2 is trivial. 

Remark 3.4. Thus, from the point of view of the monodromy action on the first cohomology of 
D and C D , it thus follows that it is enough to consider the fundamental group of 

U' = \C\ \ A', and V = \D\ \ 

where 

A if \C\ is not hyperelliptic, 

A \ |ei| x \(n — l)ei + e 2 \ if \C\ is hyperelliptic 

and analogously for S, A^ and S^. 



A' 



Set £' \ S fl £' = {si, s[, . . . , s$, s' s }, where s« and s[ are the intersections of £' with the two branches 
of T,' that meet in i;. In the same way as above, we can choose, for every i, cycles r\i and 77- in V 
so that the set 

(3-5) {m,^}, 

generates ni(£' \ S^), and thus tti(V). 

Notice that we can set up things in such a way that 1*7^ = r( i and that, 
(3.6) j*Ai = r)i o r/-. 

For more details we refer the reader to [XSF12j. 
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Moreover, if X Vi and are the vanishing cycles associated to rji and rj^, then 

(3.7) L(X Vi ) = Xrf.. 

Lemma 3.5. Suppose that E — > B is the family of relative Jacobian varieties of a family Z — >• B 
of curves. Suppose that E — > B satisfies the assumptions of Theorem VJ.ty and let R be as in the 
theorem. Then R is generated by vanishing cycles. 

Proof. By unravelling the definition of Picard-Lefschetz transformation^ and of the commutator R 
of the theorem, one can check (cf. [ASF12] ) that, passing as we may to the additive notation, we 
have 

(3.8) c~ l X~ l c~X = -c + PL x (c). 
It follows that R is generated by 

-c + c+ (c, a A )a A = (c, a A )a A , 
with a A vanishing cycle. □ 

Let us now come to the proof itself. 

As usual, given a point t G \D\ we denote by M% the fiber of p over t. The first step is to apply 
Theorem O to p : M -> P h = \D\. This yields the following 

Lemma 3.6. Consider a point t in U, and let Df be the corresponding curve. Recall that 
M t = H 1 (D t ,0)/H 1 (D t ,Z). Under the isomorphism m(M t ) = J9i(M tj Z) = H l (D u Z), the first 
cohomology group of Mt is generated by vanishing cycles. 

Proof. We apply Theorem l3.2l in the following setting: let B C f h be the locus of irreducible curves, 
E = p^ 1 (B) and U C B the locus of smooth curves. Since codim(P h \ B, F h ) > 2 it follows that 
tti(B) = {1}. Moreover, the fibration is equidimensional so that codim(M \ E,M) > 2 so that 
■Ki(E) = vri(M) = I. Equation E21 then yields 

(3.9) 1 -> R -> m(M t ) -> ni{E) ^ 1, 

and thus that ir\(Mf) = R. To conclude the proof it is sufficient to remark from Lemma 13.51 we 
know that R is generated by vanishing cycles. □ 

Now we apply TheoremJO to X -» P^-i. As in the previous case, we let B' C |C| be the locus 
of the irreducible curveqj, and we set E' := tt^ 1 (B') C X. Recall that we have denoted by U the 
locus parametrizing smooth curves. Under Assumption 12.22]. the codimension of X \ E' is > 2 and 
hence there is an isomorphism iri(E') = m(X). 

Consider the following commutative diagram of abelian groups, 

(3.10) 1 R ^vri(Mt) »-l 



1 R' TTi(X t ) in{X) 1, 

and notice that the first two vertical maps are injections. To prove the theorem, it is sufficient to 
show that 

vr 1 (X t )/i? / ^Z/(2) xZ/(2). 



I am grateful to E. Arbarello for teaching this to me. 
^In the case \C\ is hyperelliptic, we can consider the union of the locus of irreducible curve with the open subset 
k7|\A'. 
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Since R = [ni(Mt), 7Ti(V)] and R' = [^i(Xt),iri(U)], the inclusion R' C R is determined by the 
inclusion 

(3.11) 7r x (X t ) C 7ri(M t ), 
and by the pushforward 

(3.12) 3*>*i(U)^*\{V), 
induced by the inclusion j : U V. 

By Remark 12. 161 it follows that the inclusion (|3.1ip is 

(3.13) H X {D, 0) + n H\D, Z) = H^-D, Z)+ c H 1 (D, Z), 

i.e. that 7Ti(X t ) is just the t-equivariant sublattice of iri(M t ). As for j*, we use formula (|3.6p . 

Recall that i? is generated by the elements of the form (c, a\)a\, where c ranges in a set of generators 
of H 1 (D, Z) and the a\ are the simple closed loops associated to a set of generators of wi(V) as in 
formula (|3.5p . 

Notice that i?' is generated by elements of the form c^ 1 PL\. L \(c), for A varying in the system of 
generators of ni(U) as in formula ()3.4p . and c is in H 1 (D,7,) + 

On the other hand, since A and iX have trivial intersection number, 

c^PLx^c) = c- l PL x PL iX (c). 

and hence R' is generated by elements of the form 

c' 1 PL x PL lX {c) = (c, oa)«a + (c, ta A )i«A + (c, aA)(«A, ^a)^ 

= (c,a A )(aA + ^«a)- 

We now have the following Lemma which, together with formula (|2.25p . concludes the proof of the 
Theorem. 

Lemma 3.7. With the above notation, we have 

(3.15) R' ^(l + L)(H l (D t ,Z)). 

Proof. Using (|3.14p it is sufficient to find, for each A, a c\ € H 1 (D,Z,) + such that 

(ca,«a) = 1- 

By construction, there is a simple closed loop a' x in H 1 (Ct,Z,) such that f*(a' x ) = a\ + ia\ and 
such that there is a curve Cq that has one simple node as the result of the vanishing of a' x and such 
that the monodromy of the restriction of the universal curve to A is the Picard-Lefschetz transform 
associated to a\. Since a\ is a simple closed loop that is non trivial in homology, it follows that 
Co is irreducible. Hence, by Remark 12.61 the curve Dq = / _1 (Co) is irreducible as well. It follows 
that Dq \ {a\,La\} is connected and we can find a d in H 1 (Dt,'Z) such that (d,a\) = 1 and 
(d, ia\) = 0. Then, c = d + id satifies (c\,a\) = 1. □ 

The conlusion is that 

m(X) ^ J ff 1 (A,Z)+/(i + 0^ 1 (A,Z), 

so that to finish the proof of the theorem, it is now sufficient to recall formula ()2.25p . 
Recall that there is an etale double cover 

: N X. 

Let us define a torsion line bundle L on X, by setting 

(3.16) &*On = O x ®L. 
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Notice that L m = O x , and that L generates the kernel of $* : Pic(X) -> Pic(iV). 
Proposition 3.8. The double dover N — > X is induced by the index two subgroup 

(3.17) /""fT^C, Z)/(l + i)H x {DX) C 7ri(X). 

Proof. Let u : J — > X be the cyclic double cover induce by (|3.17p . and let L' be the associated 
two-torsion line bundle. We will prove that L and V are isomorphic. First of all, we prove that 
for every t € U, the induced coverings Nt — > Xt an d Jt — > Xt are isomorphic, so that we find an 
isomorphism 

L 4 L' t , Vt £ U 
Indeed, Nt — > X t is induced by the surjection of the exact sequence 

-> E 1 {C u r L) 4 H 1 (D U 'L)^ -> Z/(2) -> 0. 

On the other hand, by definition, Jt — > Xt is induced by the composition of 7Ti(Xf) — > 7Ti(X) with 
the projection tti(X) -> vri(X)/(/*/L 1 (C, Z)/(l + i)H 1 (D,'L)) which is exactly 

H\D U 1) + E\D u 7.)*/f*H\C,Z). 

Now let L(7 and be the restrictions of the two line bundles to X[/. Since L[/ and L'y agree on 
every fiber, we can write 

L v <g> L' v * tt*1, 

for some X in Pic(f7). However, since the locus Z where the section a is defined is simply connected, 
the restrictions L\ a (B) an d ^\ a (B) ^° a (B) are trivial, so that a*(Lu (g> L' v ) = Ojj and hence 
X = Ojj. It follows that L ® L' is a linear combination of the boundary divisors. However, under 
our Assumption 12.221 we can use Lemma 12.231 to ensure that the irreducible components of 
Xa are pullback of divisors on F 9 ^ 1 . It follows that a linear combination of boundary divisor is 
not numerically trivial unless it actually trivial, and we may conclude that 

L<S> L' = O x . 

□ 

As consequence of this proposition, we find that 

(3.18) tti(JV) ^fffHC.Zj/fl + ^jfD.Z) ^H 1 (C,Z)/f,H 1 (D,Z). 
Now let 

* : Y -> X, 

be the universal covering space. 

Using the so called Norm map, we can get a geometric interpretation of the covering Y\j — > Njj, at 
least in the case of degree zero JacobiansH Let [Ct] G |C| be a smooth curve, and set D t = f 1 (Ct). 
The Norm map is a morphism of abelian varieties Norm : Pic (Dt) — > Pic (Ct) defined by 

Normt : L i — > det(/*L) ® det(/*C D ) v . 

Let M[/ be the restriction of M = M v ^h(S) to t7. We can consider a relative norm map 

Normc/ : My — > N v , 

which is surjective. Over each curve [Ct] £ Z7 the kernel of Normt has two connected components 
(cf. [Mum74] ). It follows that Normt does not have connected fibers, and we can consider the Stein 
factorization, 

Mu^Qu^ N v . 

^1 am grateful C. Voisin for suggesting this nice geometric interpretation to me. 
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We claim that the double cover Qu — > Njj is isomorphic to the double cover Yjj — > Njj. Indeed, the 
covering Q t — > N t corresponds to the inclusion f*Hi(D t ,Z) C H x (Ct,1), so that we can conclude 
with an argument just like that in the proof of Proposition 13. ITT 

Compactifications of the identity component of the kernel of Normj/ are studied in |ASF12| . 
In the following proposition we analyze the induced covering space of the general singular fiber. 

Proposition 3.9. Let Cq 6 \C\ be an irreducible curve with one single node and no other singu- 
larity, and let Nq be its compactified Jacobian. Then, 

Y := tt-^JVb), 

is irreducible. 

Proof. Recall from [OS79J that if £ |Cj is a point corresponding to an irreducible curve with a 
single node, then the Jacobian A^o of Cq is l.c.i and has the following properties. The normalization 
iVo of Nq is smooth and isomorphic to a P 1 -bundle over the Jacobian of the normalization Cq of 
Co- Moreover, the normalization morphism n : Nq — > Nq identifies, up to a twist on the base, 
two section of the P 1 -bundle. We claim that in order to prove that Yq is irreducible it is sufficient 
to prove that the covering ^^(Sing^o)) — > Sing(A r o) is non trivial. Let us assume this. Since 
Sing(lo) — ^~ (Sing(A / o)) ; it then follows that Sing(Yo) is connected and isogenous to Jac(Co). 
To prove that, under this hypothesis Yq is irreducible, we proceed by contradiction and suppose 
that Yq is the union Z\ U Z<i of two irreducible components. We then have Z\ n Zi = Sing(Yo). 
Moreover, since the morphism Z\ U Z<i = Yq — > Nq is etale, the two branches meeting in Sing(lo) 
are smooth. Hence both Z\ and Z2 are smooth and thus the induced finite birational morphism 
Zi — > Nq, i = 1,2, factors through the normalization of No via a lifting Zi — > Nq. Under this last 
morphism the image of the connected set Z\ n Z2 should be the disjoint union of two sections of 
the P 1 -bundle Nq, which is absurd. 

Let us now prove that the induced covering of Sing(iVo) = Jac(Co) C Nq is non trivial. 
Recall that there is an embedding io : Cq — > Nq, and that this embedding is such that the node 
of Co is exactly the intersection of Co with the singular locus of Nq. Moreover, one can see that 
n _1 (Co) C No is the normalization Cq of Cq. 

Notice that the image of 7Ti(Sing(A r o)) in 7Ti(./Vo) coincides with the image 

n*(7n(iV )) C Tri(JVo)- 

Since there is an isomorphism Hi(Nq,Z) = i7i(Jac(Co, Z), Z) = Hi(Co,Z) that is compatible with 
the normalization morphisms Nq — > Nq and Co — > Co and the inclusion Co — > Nq, to prove that 
the covering of Sing(iVo) is non trivial it is sufficient to prove that the composition 

H x (Cq,T) ^ Hx(Cq,T) ^ H x (N t Z) = 1/(2), 
is non trivial, where i is the embedding Cq — > N. 

Choose a base point t € U in a neighborhood of 0, and let Ct and D t be the corresponding curves. 
We have seen (cf. (ETCHl) ) that 

H x (N t Z) = H^CuZyUH^DuZ), 

where the isomorphism is induced by the embeddings Ct C Nt C N. 

First, we claim that i* can be identified with the surjection 

p : ill (Cq, Z) -> ^i(C ,Z)//*(D ,Z). 

In fact, if t is close enough to 0, we can consider retractions r : Ct — > Cq and s : Dt —> Dq. These 
retractions induce the following commutative diagram 
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(3.19) 



u 



u 




H x (C t , Z) — H x (C , Z) 



where the kernels of s* and of r* are generated by the vanishing cycles of Dq and Co respectively. 
Thus p and i* are identified and we have proved the claim. 

The last thing that we need to prove is that 

(3.20) #"i(0),Z) ^> #i(C ,Z) -> ff 1 (C 0) Z)//^i(Do,Z) 

is non zero. Let m : -Do ~~ ^ -Do be the normalization of Dq, and let / : Dq — > Co be the induced 
double cover. Since Dq and Dq are irreducible, it is not hard to see that there is a commutative 
diagram 

7* 



tfi(AbZ) 



/» 



#i(C ,Z) 



#i(C ,Z) 



V(2) 



5/(2). 



Since coker/* = coker/*, it follows that re*IZi(Co,Z) is not contained in f*Hi(Do,Z), and thus 
(|3.20p is non zero, and the proof is complete. □ 

Corollary 3.10. Set i/ = i/o$. Then y : Y" — > |C| is a fibration in abelian varieties. Moreover, 
for every irreducible component Aj of the discriminant locus, the divisors are irreducible and 
isomorphic to the pullback i^*Aj. 



4. The second Betti number 



This section is devoted to calculating the second Betti number of the relative compactified Jacobian 
varieties of Section [2 

We assume that |C| is base point free and such that the discriminant locus A is irreducible. By 
Proposition 4.5.1 of [CD89] our assumption excludes the case that C is hyperelliptic but is satisfied 
whenever |C| is very ample. In particular, g > 3. In the last section we do the g = 2 case which 
can be appropriately generalized to all the hyperelliptic linear systems. 



Theorem 4.1. Assume that |C| is base point free, and that it satisfies Assumption \2.2^ Let us 
moreover assume that the discriminant locus of\C\ is irreducible. Letw = (0, [C], v = (0, [-D],x) 
and let A be a general ample line bundle in T. Set X = X V) h,c an d N = M Wy A{T)- Then 

h 2 (X) = h 2 {N) = 11. 

As usual, we denote by C C T x P 9_1 the universal family of curves. Since the linear system |C| is 
base point free, the second projection 



(4.1) 



q:C^T 
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is a fib-ration in (g — 2)-dimensional projective spaces, the Leray spectral sequence degenerates and 
there is an isomorphism 

(4.2) H 2 (C, C) H 2 (T, C) H 2 (F 9 ~ 2 , C) ^ C 11 . 
Notice, also, that 

(4.3) H\C,O c ) = H 2 {C,O c ) = 0, 

since H 2,0 (T) = H 1,0 (T) = and by base change in cohomology R l q*Oc is trivial if i is not equal 
to 0. 

We will prove Theorem 14.11 by comparing the second cohomology of X and of N with that of the 
universal family C. 

Let U the open subset of \C\ parametrizing smooth curves. The first step is to compare the second 
cohomology of Xjj, Njj and C\j. In all three cases, the Leray Spectral sequence relative to the 
morphism to U degenerates so that there are isomorphisms 

H 2 (X V , C) = H 2 (U, C) © H\U, R l nXx) © H°(U, R 2 irXx), 

1 ! '" H 2 (Nu, C) = H 2 (U,C) ®H 1 {U,R 1 vXn) ® H°{U, R 2 vXn), 

and 

H 2 {Cu,C) = H 2 (U, C) © H\U, R 1 pXc) e H°(U, R 2 P Xc)- 
The double cover $ : N — > X induces an isomorphism of local systems^, 

(4.5) R'ttXxu ^ R'ti^Xnu) = R%C Nv , 

This follows by proper base change and the fact that the stalk of the natural morphism between 
the local systems is just the isomorphism in complex cohomology induced by the isogeny (12.22p . 
The well known isomorphisms 

imply that for every i there are isomorphisms 

(4.6) A { R\X Xu ^ R%C Cu . 

Notice that in the same way, one can see that the natural maps 

(4.7) tp* : R^Oxu -»- R%0 Nu , 
are also isomorphisms. 

Lemma 4.2. The vector spaces H°(U, R 2 irXx), H g {U,R 2 uXn) and H°(U,R 2 pXc) are one di- 
mensional. 

Proof. Since B*ir m C Xu = R%C Nu , it is enough to prove that H°(U,R 2 vXn) = H°(U,R 2 pXc) = 
C. 

Recall that the global sections of a local system are identified with the monodromy invariant 
elements of a fiber of the local system itself. Clearly, the monodromy acts trivially on the top 
cohomology H 2 (Ct,C), and hence the space H°(U, R 2 pXc) is one dimensional. 

As for H°(U, R 2 ttXn), we argue as follows. Notice that 

(4.8) H°(U,R 2 itXn) = H 2 (N t Xr v = (A 2 i^ 1 (Ct, C)) inv . 
Now let 

(4.9) p:iri(U) ~> Aut(H\C t ,C)) 



Since $ is a finite morphism it is open and thus it sends injective to injectives, and thus the spectral sequence 
associated to the composition of the functors and 7r„ degenerates and i?V*(«l>»Cjv [/ ) — i?V»Cjv [f . 

20 



be the monodromy representation. Since p preserves the symplectic pairing (•,•), the isomorphism 
w : -fT 1 (C(,C) = Hi(Ct,C) induced by (•, •) is p-equivariant. By composing with w, it follows that 
any p-invariant element of A 2 H (Ct,C) can be thought of as a p-invariant morphism 

(4.10) <p : H\C t ,C) ^ H^C^C). 

By Theorem 3.4 of [Voi03], if the discriminant locus is irreducible then the restriction of the 
monodromy representation to the vanishing cycles is irreducible. Recall, however, that H l (Ct, C) = 
H l (Nt, C) is generated by vanishing cycles. It follows then by Schur's Lemma that 

(4.11) V? = Aid, 
for some A in C, and hence that 

(4.12) (A^^qy^^c. 

□ 

Notice that the invariants are actually defined over Z. In fact, the theta divisor of Jac(Cf) is always 
invariant under the monodromy, since it can be identified with the isomorphism w : H 1 (Ct,% l ) = 
-£/i(Ct,Z). Since the group H 2 (Nt,1jy nv is one dimensional, it is generated by the theta divisor of 

c t . 

Recall that the cohomology groups of a smooth quasi-projective variety are endowed with a canon- 
ical mixed Hodge structure (MHS) |Del71| . 

Lemma 4.3. There are isomorphism of MHS 

(4.13) H 2 (X V , C) H 2 (Nu, C) H 2 (C V , C). 

Proof. By Theorem 5.1 of [AralOj . there is a functorial MHS on the cohomology of local systems 
that arise from families of smooth projective varieties. These MHS are compatible with the MHS 
on the cohomology of the total space of the family, in the sense (cf. point (3) of Theorem 5.1 of 
cit.) that they are subquotients of the canonical MHS on the cohomology of the total space. 

On the other hand, consider a smooth projective morphism of smooth varieties j : Y — > Z. By 
the decomposition theorem for a smooth projective morphism of smooth varieties (see for e.g.. 
Theorem 5.2.2 of |dCM09| L it follows that 

j.Qy = @&j*Qy[-i]' 

i>0 

Taking cohomologies on both sides, it follows that the MHS on the cohomology of Y is actually a 
direct sum of the MHS on the cohomologies of the local systemsJl 

Using the isomorphism of local systems (|4.5p . it follows that H 2 (Nu, <C) = H 2 (Xjj, C) as MHS. 
Let us now prove that H 2 (Nu,C) 9* H 2 (Cu,C)- 

First assume d! = g — 1, and let N' be the degree d! relative compacted Jacobian of |C|. The Abel 
Jacobi map 

a : C v ^ N{j, 

induces in cohomology a morphism a* : H 2 (Nu, C) — > H 2 (Cu,C) of MHS which is an isomorphism 
because it is compatible with the decomposition coming from the Leray spectral sequence. 

To end the proof of the claim it is now sufficient to notice that the MHS on the cohomology of the 
total space of a family of degree d Jacobian varieties does not depend on d. Indeed, the monodromy 



^1 am grateful to L. Migliorini for telling me about the reference |AralO] and to V. Shende for pointing out that the 
MHS on Y is actually split. 
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representation on the rational cohomology of a relative Jacobian does not depend on its degree. 
Hence, the local systems and thus their cohomologies are all isomorphic and we conclude applying 
the decomposition theorem once again. □ 

We will now compare the long exact sequence for the relative cohomology of the pairs (N,Njj), 
(X,Xu) and (C,C V ). 

By Poincare-Lefschetz duality (cf. |Spa66| Chapter 6, Section §2 Thm 17 or also [PS08] Thm B.28), 



A J 



(4.14) Hi(N, N v ) ^ H in - % {N 1 

Let S(N A ) be the singular locus of N A . Taking i = 2, since the real codimension of S(N A ) in N A 
is greater or equal to 2, we have 

(4.15) H 2n ~ 2 {N A ) H 2n - 2 (N A , S(N A )) H {N A \ S(N A )) C, 

where the second to last isomorphism is again given by Poincare-Lefschetz dualitj{3 and the last 
isomorphism holds because by our assumptions N A is irreducible and hence N A \ S(N A ) is con- 
nected. 

Notice also that H 1 (Nu) = 0. In fact, H q {U : R 1 tt^C) is trivial because by the invariant cycle 
theorem |Del71j this space is isomorphic to!m[H 1 (N) — > H 1 (Nt)], and by Theorem 13.11 we know 
that -ff 1 (iV, C) = 0; moreover H 1 ^) = since U is the complement of an irreducible hypersurface 
( |Dim92j Proposition (1.3)). 

It follows that there is an exact sequence 

(4.16) O^C^ H 2 (N,C) ^ H 2 (Nu,C), 
where the inclusion C C H 2 (N, C) is identified with the pullback 

(4.17) vr* : ff 2 (P 9_1 ) -> H 2 (N). 

Let W2(H 2 (Njj,C)) C H 2 (Nu,C) be the lowest weight piece of the weight filtration W, defined on 
N v . By Cor 3.2.17 of [DelVlj 

(4.18) Im[H 2 (N,C) -> H 2 {Nu,C)} = W 2 {H 2 {Nu ,<£)). 
Clearly, the analogues of (|4.16p and of f|4. 18j) hold for C and for X, 

-> C ->■ H 2 (C,C) -> H 2 (C V ,C), 
^ 4 ' 19 ^ -> C -> H 2 (X,C) -> H 2 (Xu,C)- 

By Lemma |4.3| there is an isomorphism between the lowest weight part 
lm[H 2 {N,C) -> ff 2 (JV^,C)] = 

(4.20) iy 2 (# 2 (i%, C)) W 2 CH*(Cir, C)) 

= Im[# 2 (C,C) -> F 2 (Cc/,C)]. 
We hence deduce an isomorphism of Hodge structures 

(4.21) H 2 (X, C) 9* H 2 (N, C) = # 2 (C, C), 
which ends the proof of Theorem 14.11 

This fact, together with (|4.3p also yields 

(4.22) H 2fi (X) = H 2 '°(N) = 0. 



-^cit. Spanier, Thm 19 plus the fact the the pair (Na, S(Na)) is taut in TV. 
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Remark 4.4. We can argue in the same way and prove that H 2 {Y, C) = H 2 (N,C). Indeed, the 
two families Njj and Y\j have isomorphic local systems and by Corollary 13.101 we can argue as in 
formula (|4.15p and show that there us an exact sequence — >■ C — >■ H 2 (Y, C) — > H 2 (Yu,C). We 
then proceed in the same way as above. 



5. The canonical bundle 

In this section we prove that the canonical bundles of X, N and Y are trivial. We will need 
Assumption 12.221 and also that the general line P 1 C \C\ is a Lefschetz pencil. 

Before starting, let us emphasize that 

Lemma 5.1. The canonical bundle of X is trivial if and only if the canonical bundle of N is trivial. 

Proof. The only if part is clear, since $' : N — > X is etale, so we only need to address the if part. 
Recall the definition of L from formula (|3,16p . If ojn —n, then Q*lox —n, implying either that ojx 
is trivial, or that it is isomorphic to L. To conclude the proof, we make the following two claims. 
Consider a point t 6 U and denote as usual by Xt the fiber over t. The first claim is that Lx t 
is not trivial, which follows immediately from (|2.22p . Whilst the second claim is that {ux)\x t ls 
trivial. This follows immediately from the fact that uix t and Nx t \x are trivial. Hence, ujx cannot 
be isomorphic to L, and the Lemma is proved. □ 

Remark 5.2. The same argument applies to show that the canonical bundle of Y is trivial if and 
only if the canonical bundle of N is trivial. In fact, the only thing that we use here is that on each 
fiber the double cover Yt — > Nt is non trivial. This is a consequence of formula (|3. 18[) . 
The fact that the universal cover of N induces a non trivial cover of each fiber, establishes a 
difference with Enriques surfaces: any Enriques surface T admits an elliptic fibration T — > P 1 
which has exactly two multiple fibers. The canonical bundle is the difference of the two half fibers; 
moreover, the universal cover S — > T induces a trivial cover of every reduced fiber; indeed, if e is 
a primitive elliptic curve in T, then for any reduced curve T £ |2e|, f~ 1 (e) is the disjoint union of 
two curve in the linear system |/*e|. In fact, the covering S — > T is induced by base change via a 
degree two morphism P 1 — > P 1 ramified at the two points corresponding to the non reduced fibers; 
as we have already mention, in the case of v : N — > \C\, the restriction of the universal cover to the 
fibers of v is non trivial. 

The rest of the section is devoted to prove that a; at is trivial. 

Consider the morphism v : N — > F 9 ~ 1 of smooth projective varieties. Then, 

(5.1) ujn = v*ujf. g -i ® oj u , 

where ui u is the relative canonical sheaf of v. Let lo Vu be the restriction of lo u to Njj. Since 
v : Nij — > U is smooth and 0J u \N t — @N t f° r every t in U, it follows that v*u Uu is a line bundle on 
U and that the natural map 

(5.2) u uu -> v*v*u Vv , 

is an isomorphism. Under our Assumption 12.22} we can use Lemma 12.231 to ensure that the irre- 
ducible components of are such that = v*Ai. Consider the following commutative 
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diagram 

(5.3) £ ZN Ai Pic(iV) Pic(i%) 

— Pic(Pf- 1 ) ^ Pic(C7) *- 0. 

Since the rows are exact in the middle and to the right, we get 

(5.4) u v ^v*Ow a -i{k), 

for some k in Z to be determined. The rest of this Section is devoted to show that 

(5.5) k = g, 
thus proving the following Theorem. 

Theorem 5.3. Under Assumption \2.22\ the canonical bundle of N is trivial, i.e., 

uj N = On. 

Corollary 5.4. Under Assumption 12.221 

x(o x ) = X {O n ) = 0. 

Proof. It is enough to prove that x(@x) = 0. This follows from [BeallJ which implies, since 
dim M V>H (S) = 2 (mod 4), that 

I Todd(X) = 0. 
Jx 

□ 

The main ingredients in the proof of (|5.5p are the following. First of all, the simple observation 
that to compute k we can restrict the family N to a generic line in F 9 ~ 1 . Second, the theory of 
degeneration of Hodge bundles, as explained in [Zuc84] and Section 2 of [Kol86b], to understand 
the direct image of the relative canonical sheaf of N — > P 9_1 . 

Let P 1 C P ff_1 be a generic line, set 

(5.6) u' : N' = u^iF 1 ) -> P 1 , 
and set 

v = un¥ 1 . 

We can choose the P 1 so that N' is smooth and so that it parametrizes a Lefschetz pencil of curves. 
Notice that under this assumption, the discriminant locus A' := A n P 1 of v and of p is a set of 
reduced points t\, . . . ,tg, where 5 = deg A. Clearly, v' is flat because it is equidimensional over a 
smooth curve. 

Lemma 5.5. With the above notation, we have 

(5.7) uj v i=uj v \ N i, i.e. ui u i = v'*0^i (k). 

Proof. Notice that v*Npi\p g -i = A/jy/|jyEE Since det Apiips-i = 0^i(g — 2), it follows by adjunction 
that 

(5.8) u N , ^ (u„®v*0 Tg -i(-g))\ N ,®v'*0 P i(g-2), 



The natural surjective base change map between the conormal bundles f'*A/^L| PS _i — > Af^'iN i s an isomorphism 
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v pl|ps-l — ' - ,v iV'|]V 

because the two bundles have the same rank. 



and comparing this to ujn' — v'*0-pi(—2) <8> uv we get, 

(5.9) lo v \ N i = lo u i. 

□ 

This allows us to restrict our attention to N' — > P , where the situation is simpler. Indeed, since 
P 1 C |C| parametrizes a Lefschetz pencil, the restriction p' : C — > P 1 of the universal family 
C — > f 9 ~ l to the line is just the blow up of the surface S at the 2g — 2 simple base points of the 
pencil. Moreover, all the curves parametrized by the P 1 are irreducible and have a simple node as 
the only singularity (except in the hyperelliptic case, in which case there are exactly two reducible 
fibers that are the union of two smooth curves meeting in one point). 

We have now the following proposition, whose proof will be given at the end of the Section after a 
brief detour on degenration of Hodge bundles. 

Proposition 5.6. With the above notation. Then 

(5.10) z^av =i (detfiVCc)" 7 - 

The right hand side of (|5.10p is readily calculated. By Theorem 2.11 of [Ste77| the sheaf R 1 p*Oc> 
is locally free of rank g. Hence, there exist g integers a\, . . . , a g , such that 

g 

(5.11) B}p*Oa =0C» P i(a i ). 

i=i 

Since the base is one dimensional, the Leray spectral sequence degenerates and we can use the 
Hodge numbers of C to calculate the a^s. From 

= H l {C',0) =i H l {P\O)eH (F 1 ,R l p Sf O C '), and 

' ° ' 1 " ' = H 2 {C' , O) =i H 2 (P 1 , 0) H 1 (P 1 , #V Oc ) H° (P 1 , R 2 p* O c > ) , 

we deduce that 

aj < 0, and a, > —2. 
We conclude that a$ = — 1 for every i, so that 

(5.13) ^ov^evo?). 

By relative Serre duality applied to v 1 : N' — > P 1 , we get an isomorphism 

(5.14) ^av = (R 9 KO NI )\ 
Moreover, if we let V C P 1 be the locus where v 1 is smooth, 

(5.15) R X v'*On<\ y ^flV»Oc'| Vl and B?^JD NI \v = A»i2V»O^ )v 

In order to prove the Proposition we wish to extend these isomorphisms to the whole P 1 to get an 
isomorphism 

R 9 vlO N , =i A 9 R x p'*O a . 

Before talking about variation of Hodge structure and Hodge bundles, we wish to make the following 
remark. 



12 To see that the first isomorphism holds one can use (|4.7[1 and then argue, for example, as follows. The family 
of curves C' — > P 1 has a section, which gives a closed immersion C' v C Nv in the relative Jacobian of any degree. 
Moreover, the induced map between the first higher direct images of the structure sheaves of the two families is an 
isomorphism because it is such when restricted to any smooth fiber. As for the second isomorphism, it holds because 
the higher weight variations of Hodge structures associated to a family of abelian varieties are induced by the weight 
one variation of HS. 
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Remark 5.7. Prom our assumption on the existence of Lefschetz pencils and classical results of 
Oda and Seshadri jOS79l . the fiber of v' and of p' over a point ti in A' is a reduced and irreducible 
divisor with normal crossings. Moreover, the local monodromy of each family around a point ti is 
unipotent. By the theory of Lefschetz pencils we know this is the case for the family of curve, and 
hence the claim follows also for the families of abelian varieties. 

5.1. Degeneration of Hodge bundles. Following |Zuc84j . [Kat71j . and [Kol86bj we start by 
briefly recalling some facts about variations of Hodge structures and Hodge bundles. 

Let B be a smooth curve, and consider the degree i variation of Hodge structures (VHS for short) 
induced by a smooth projective morphism / : Z — > B. The local system underlying this VHS is 
R*f*C. By |Del70j . Prop. 1.2.28, the locally free sheaf 

(5.16) ft* := fl*/,C®0 B 
is isomorphic to the hypercohomology sheaf 

(5.17) #/*«z|B> 

where Q* Z \ B is the complex of relative differentials of the family. Let 

(5.18) V : ft* ft* <8> 
be the Gauss-Manin connection of the family Z — » B. 
Consider the so called filtration bete of the complex 

(5.19) J*Sl^ B = fig. 

The spectral sequence in hypercohomology associated to this filtration has E p ' q term equal to 

(5.20) R q f*V p zlB , 

and abuts to (the associated graded pieces of) 

(5.21) &f*sr Z \B = w- 

Since / is smooth these sheaves are locally free. Moreover, the spectral sequence degenerates at E\ 
and the maps 

(5.22) ^f^'zjB -> Ri f*V Z \B 
are injective. In particular, the filtration induced on ft* is 

(5.23) J-Pft* = fl*/*fig C U\ 

and the associated graded pieces of (W,J :p (W)) are the sheaves 

(5.24) R q Un P m , with p + q = i. 

The filtration f|5.23|) is precisely the filtration of the variation of Hodge structures of the family 
Z -> B. 

Now consider a smooth projective compactification 

f:Z^B 

and suppose that W := f~ l (B \ B) is a reduced divisor with normal crossing. We let f^L-^Qog W) 
be the complex of relative logarithmic differentials. 

By a classical theorem (Thm 7.9 of [Del70j), it is known that (ft% V) is an algebraic differential 
equation with regular singular points, in the sense that V has logarithmic poles at every point b 
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in B \ B. That is to say, there exists a vector bundle extension % of "W to all of B, such that the 
connection V extends to a morphism 

(5.25) V -.Tt -^TC® fi^| 5 (log W) . 

By definition, the residue Res&(V) of V at a point b in B \ B is the endomorphism of TC b induced 

by taking the residue in b. In other words, if we fix a local trivialization of % around b and if z is 
a local coordinate on B, the residue is defined by V = dz <g> (Resb(V)l/z + ...). 

By |Ste77| . Thm 2.11, (cf. also the exposition in |Zuc84j ) the sheaves 
and 

Wf^-^ogW), p + q = i, 

are locally free extensions of (|5.2ip and (|5.20p respectively. Moreover, Katz proved in [Kat71j that 
there is a morphism 

(5.26) V : R l m' z \ B i\og W) i?7*0^| B (log W) ® ^(log W), 
which extends the Gauss-Manin connection. It follows that we can set 

(5.27) ?T = R l f,n' zlB (logW). 
On the other hand, the filtration (|5.19p extends to a filtration 

(5.28) F^Qog W) := ^(log W), 

which gives a spectral sequence whose E^' q terms are 

(5.29) Rif^-ilogW). 

Since these sheaves are locally free and the differential is generically zero, the differential is iden- 
tically zero. Hence the spectral sequence degenerates at E\ and abuts to the associated graded 
pieces of 

(5.30) R l f^" zlB (logW). 

Since the graded pieces R q f*{}E-— (log W) are locally free, the extensions 

(5-31) ^(n l ):=R l f^-(\ogW) 

of the sheaves F P {T-L % ) are actually extension as vector sub-bundles of T~C . This is a particular case 
of Schmid's Nilpotent Orbit Theorem. 

The last ingredient is the following classical theorem 

Theorem 5.8 (Manin, [Del70] . Prop. 5.4). Let (%,V) be an algebraic differential equation with 
regular singular points on the pointed disc A*. Then (T~L, V) admits a unique locally free extension 
{Ti, V) to the disc A, which satisfies that following two properties 

(1) V : % — > % ® S7-^-(log0) has logarithmic poles; 

(2) The eigenvalues A o/Reso(V) satisfy < Re(A) < 1. 
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An extension of an algebraic differential equation H as in the Theorem is called the canonical 
extension. 



Recall that we are assuming that W C Z is a reduced divisor with normal crossing. By the 
regularity theorem of Katz |Kat71j (see |SZ85j for the case of normal crossing and not just simple 
normal crossing; (5.1) for the notation and (5.3) for the result), it follows that 

i?7*^ |B (io g w), 

satisfies the assumptions of Theorem 15.81 with the eigenvalues of the residue Res&(V) of the Gauss- 
Manin connection equal to zero for every b G B \ B. 

Under this circumstance we say, by abuse of notation, that KfJ&JQsyg W) and fl^/.fi* (log W) 
are the canonical extensions of R i f*Q,'^Tg and R q f*Vt P z , B respectively. 

Notice that we can say "canonical extension" also for F P (H ) and for Gx p {W) because they are 
unique. In fact, let j : B — )■ B be the open immersion, let T~i be a vector bundle on B and let 
E C H be a sub-bundle. Suppose we are given a vector bundle extension H of H on the whole of 
B. Any extension of E to B as a sub-bundle of H is always contained in the saturation of Tinj^E 
in H, and thus has to be isomorphic to the saturation itself. In particular, since the extension of 
£ as a vector sub-bundle of % is unique, so is the extension of the quotient %/ E. 

We now go back to our situation applying these remarks to the families C — >■ P 1 and N' —¥ P . 

Proof of Proposition \5.6l Recall that our aim is to prove that there is an isomorphism R 9 v*On = 
f\ 9 R l p'^Oc' extending that of (|5.15p . As should be clear by now, we want to prove this isomorphism 
by showing that the sheaves in question are both isomorphic to canonical extensions. 
Since P 1 C \C\ is a Lefschetz pencil, the families C — > P 1 and N' — > P 1 have singular fibers that 
are reduced and have normal crossing. The sheaves 



(5.32) 



U X N , = J R 1 ^^, |pl (log(A^,)) 
% = J R 1 p^c'i P i(log(C^)) 



extend i? 1 ^C <S> CjV'|v — -R 1 p*C ® Ocny, and are isomorphic to the canonical extension. Hence, 
there is an isomorphism 

(5.33) ^jv' ~ H-c' i 

which extends the isomorphism over V. As a consequence, we get an isomorphism of the canonical 
extension of F (Hjy,) = T \H\)-> 

which in turn implies that there is an isomorphism of the first graded pieces 

(5.34) Gr°(W^) = Gr°(?Zj,)> 
i.e., an isomorphism 

(5.35) R x v*0 N , ^R}p*O a . 
We now want to prove that 

R?v*O n , =S A 9 R l p*O c >. 

From the general theory, the exterior powers A^H of an algebraic differential equation (H, V) with 
regular singular points is naturally an algebraic differential equation with regular singular points. 
Moreover, if the residues of have real part equal to zero, then the same is true for the residues 
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of the induced connection on A 3 %. In other words, the sheaf A^H is the canonical extension. 
We deduce that for any i, 

(5.36) A* TCni = A* Tig. 

Moreover, since N{j is a family of abelian varieties, we have an isomorphism of VHS A^H N , = "H 9 N ,. 
Using again the result of Katz, we known that 

(5.37) H 9 NI :=R 9 uin' Nl ^(logN' A/ ) 
is also the canonical extension. It follows that, 

(5.38) A 9 nl^n 9 N/ . 

This induces an isomorphism of the canonical extension of the respective nitrations, and thus of 
the respective graded pieces. Since Gv°(A 9 'H^,,) = A 3 Gr°(^) we conclude 

(5.39) R?<niO N ,*A?R 1 itOc>, 

and the proposition is proved. □ 

Remark 5.9. We want to highlight a difference in behavior between other type of moduli spaces 
of sheaves on Enriques surfaces. In |OSll| . Oguiso and Schroer prove that the Hilbert scheme of n 
points on a given Enriques surface T has the property that the canonical bundle is not trivial, but 
twice the canonical bundle is trivial. It would be interesting to know if this is a general phenomenon, 
that is to say if there is a different behavior of the canonical bundle of odd and even dimensional 
moduli spaces of sheaves on Enriques surfaces. 

For example, given a genus g linear system |C|, it would be interesting to study the geometry of 
the rational Abel-Jacobi maps 

Tla-V — > N 9 ~ l , and N 9 — » T®, 

where we have denoted by N d the degree d relative compactified Jacobian of \C\. 

We end the section with the following theorem. 

Theorem 5.10. Under Assumption \2.22\ the relative compactified Jacobian N is an irreducible 
Calabi-Yau manifold, in the sense that 

: ifp = 0,2g-l, 
otherwise. 



H p (N,O n ) 



Proof. The main step in proving the theorem is the following claim: 
(5.40) i?V*0jv = A i ©f =1 P9 -i(-l), 

which is a generalization of what we already proved for the restriction of N to a general Lefschetz 
pencil. The claim uses a theorem of Matsushita |Mat05] on the higher direct images of the morphism 
M — > \D\. Assuming the claim, the spectral sequence to calculate H p (N,On) degenerates since 

C (*,p) = (0,0) or {k,p) = (g-l,2g-l) 

otherwise. 



H k (¥ 9 -\0 P3 -i(-p + k)) 



and the theorem easily follows. To prove the claim first notice that since ujn = On, by Theorem 
2.1 in [Kol86aj the sheaves R 1 v*On are torsion free and by Corollary 3.9 in |Kol86b| they are 
reflexive. The same argument applies to R1"k*Ox- From what we proved in the last subsection we 
can consider an open subset W C P 9_1 , whose complement has codimension greater or equal to 
two, that has the property that 



2!) 



Here W can be taken to be the locus of irreducible curves with one simple node and no other 
singularities or, in the hyperelliptic case, the locus of irreducible curves with at worst one node and 
no other singularities union the open subset of the discriminant that parametrizes two smooth curves 
meeting transversally in one point. Since all the above sheaves are reflexive, these isomorphisms 
extends to global isomorphisms on the whole P 9_1 . We are thus reduced to prove that 

r^Ox = ef =1 o P9 -i(-i). 

To see this, we argue as follows. Let I denote the ideal sheaf of \C\ in \D\. The following exact 
sequence, 

0^X/^(fif D| )| |q ^fif c| ->0. 

is split, and the involution l* acts on it. The sheaf I/I 2 = 0f =1 Opg-i (— 1) is the i*-anti invariant 
part of (^pp L^,, whereas the sheaf fi^ is the invariant part. By a Theorem 1.3 of [Mat05| . there 
is an isomorphism 

(5.41) n\ D] R l p*0 M , 

which is induced by the symplectic form cj of M. The natural morphism 

(R 1 p*0 M )\ v ^(R 1 <ir.O x )\ v , 

is surjective, and (R^n^Ox) \ v is exactly the (/"-invariant part of (R 1 p*Om)\ v - Since = —cj, 
isomorphism (I5.41h interchanges the i*-invariant and the t*-anti invariant parts of £ll D t — R 1 p*Om- 
We deduce that there is an isomorphism 

(R\*O x )\ v ^l/l 2 \ v , 

which, using the fact that these sheaves are reflexive, extends to an isomorphism 

R l K 1r O x =I/I 2 ©f =1 Op S -i(-l). 

□ 

Remark 5.11. In the same way we can show that the higher direct images of Ox and of Oy are 
isomorphic. Hence, 

fC if p = 0,20-1, 
H (Y,Oy) I q otherwise, 

and Y is an irreducible Calabi-Yau manifold. 



6. AN EXAMPLE: THE THREEFOLD CASE 



In this section we work out in more detail the geometry of the relative compactified Jacobian of a 
genus two linear system on a general Enriques surface T. 

In this case, the morphisms N — > \C\ and X — > \C\ are automatically flat, and Assumption 12.221 is 
satisfied. 

We start with describing the well known and beautiful construction ( [Cos83], [CD89] ) of non-special 
genus two pencils. We will see that by putting ourselves in a general setting we can assume that 
\C\ is a Lefschetz pencil. Despite the presence of reducible fibers in codimension one, Theorems 13. II 
and 15.31 apply in this case too. It follows that the relative compactified Jacobian N of a non-special 
genus two pencil is a Calabi-Yau 3-fold. 
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Finally, we compute the second Betti number. The technique is the same as in Section HI with the 
slight difference due to the presence of base points and reducible fibers in codimension one. We 
show that the Euler characteristic is zero, and compute the Hodge diamond. 

Let e\ , e 2 C T be two primitive elliptic curves such that e\ ■ e 2 = 1. By |Cos83j the general curve 

C € |ei + e 2 | 

is a smooth genus 2 curve. The linear system \e% + e2 1 is a pencil with exactly two simple base 
points, p = e\ fl e' 2 and q = e[ n e 2 , where the curves e\ (notation as in (|2.ip ) are also smooth and 
elliptic. Recall also that, 

(6.1) \a\ = [e< | = {pt}, and |2e»| = |2e<| = P 1 . 

A genus two pencil is called non special, if it can be written as \e\ + e2 1 for two primitive elliptic 
curves meeting in one point. Following Cossec, we let 

be the map associated to the linear systems \C\ and \C'\. It is a rational, generically 2: 1, map 
defined on the complement of the four base points. The four elliptic curves are contracted by tp. 

Lemma 6.1 ( [Cos83j). The ramification divisor of the map tp: T — » P 1 xP 1 consists in four lines 
r i) r ii r 2 5 7 '2 forming a square and a curve T of bidegree (4,4) having simple nodes at each of the 
corners of the square. The branches of the nodes are not tangent to the sides of the square. If T is 
a general Enriques surface, then T is smooth outside the four nodes. 

Proof. Let tp: T — > T be the blow up of T at the four base points, and let tp: T — > P 1 x P 1 the 
induced morphism. Then tp contracts the proper transforms of the elliptic curves, and is ramified 
along the four exceptional divisors. The images of the exceptional divisors form a square in P 1 x P 1 . 
The curves in either of the linear systems double cover the lines of either of the two rulings. Since 
the generic curve is a smooth genus two curve, the intersection number of the lines in each pencil 
with the ramification curve has to be equal to six. We already know that the map tp ramifies along 
the sides of the square, so the remaining part £ of the ramification divisor has to be of type (4, 4). 

Now let P be the blow up of P 1 x P 1 at the corners of the square, let l\, . . . , I4 be the four exceptional 
divisors, let R\ , R[ , R2 , R' 2 be the proper transforms of the sides of the square, and finally let T 
be the proper transform of A. Since tp contracts the four elliptic curves to the four corners of 
the square, the induced rational map tp : T — > B is a generically 2 : 1 morphism, ramified over the 
disjoint union of V and R±, R[, R2, R' 2 - Hence tp induces a double cover of the proper transform 
of the four elliptic curves onto the exceptional divisors. Notice also that such double covers are 
ramified at four distinct points, which are the intersection points of the exceptional divisor with 
the ramification curve. Since all of the exceptional divisor meets transversally two sides of the 
square, it follows that T has to meet each exceptional divisor in two distinct points, and thus E 
has a simple node at each corner of the square and that the branches of the nodes are not tangent 
to the sides of the square. 

If we suppose that the only reducible members of the linear system \C\ are the curves e\ + e 2 and 
e i + e 2 (property that is achieved, for example, for a general T) then the morphism 

f ^ P, 

is finite, and since it is a degree two cover between two smooth surfaces, the ramification curve has 
to be a disconnected union of smooth curves. It follows that in the general case T is smooth, and 
the four nodes of £ are its only singularities. □ 

The following Lemma reverses the construction. 
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Lemma 6.2. The general non special genus two pencil is obtained by reversing the construction 
of Lemma \6.1\ Moreover, one can choose the ramification curve so that the singular curves in the 
linear system have exactly one node. 



Proof. Consider a square of lines r\, r^, r2,r' 2 in P 1 x P 1 . In the linear system |0pi x pi(4, 4)| consider 
the dimension 12 linear subspace W of curves having a node at the four corners of the square. The 
general curve in W is smooth outside the four nodes and, moreover, the branches of the nodes are 
not tangent to the sides of the square. Let r\ : P — > P 1 x P 1 be the blowup of P 1 x P 1 at the four 
nodes of the square, let h, ■ ■ ■ ,h be the four exceptional divisors, let R\, R[, Ri,R' 2 be the proper 
transforms of the sides of the square, and finally let T be the proper transform of a curve V £ W 
that is smooth outside the four nodes. Now consider the double cover £ : Y — > B, ramified along 
r U Ri U R[ U R 2 U R^. Then, 

(6.2) 2K Y = ?(2K B + T + R 1 +R' 1 + R 2 + R' 2 ). 
Since 

(6.3) K B = rfO(-2, -2) + h + l[ + k + l 2 , 
and 

(6.4) r = 77*0(4, 4) - 2(h + l[ + l 2 + 1' 2 ), 
we have 

(6.5) 2K Y = C(i?i + i?i + i? 2 + #2)- 

For i = 1, ... ,4, the curves Ti,T[ are smooth rational (— l)-curves, and have the property that 
2Tj = £*(f£j), 2T[ = Let e : Y — > T' be the contraction of these four rational curves. Then 

K Y = e*oj T + Ti + T{ + T 2 + T 2 [, implies 

(6.6) 2e*u: TI = Oy. 

Thus 2ujt> = Ot 1 and then it is readily checked that T' is an Enriques surface. 

Let tp : T' — > P 1 x P 1 be the induced rational morphism. Then C = ip* 0(1,0) is a linear system 
of genus two, and the generic curve is a smooth hyperelliptic curve because it is a double cover of 
a line, ramified at 4 distinct points. Moreover, notice that we can choose the curve T so that the 
lines in 0(1,0) are neither bitangent nor flex lines to T itself (this can be achieved because one 
can easily find degenerate curves with this property and, since it is an open condition, one can also 
find a curve satisfying this requirement and such that the only nodes are at the four corners of the 
square). If we choose such a curve T, then the curves in the linear system \C\ have at most one 
simple node. Since the automorphism group of P 1 x P 1 fixing a square of lines is two dimensional 
and acts on the 12-dimensional sublinear system W , it follows that this construction depends on 
10 parameters. □ 

Corollary 6.3. Let p : C — > P 1 be the universal family of a general genus two pencil on a general 
Enriques surface T. Then p has exactly 18 singular fibers, 16 of which are irreducible with one 
node, and 2 of which are reducible, and consist of two elliptic curve meeting tranversely at one 
point. 

Proof. It is sufficient to apply a classical cut and paste argument. □ 

From now on we let \C\ be a general non special genus two pencil on an Enriques surface T, and we 
let C — > P 1 be the universal curve. Let t\, . . . , t\§ be the points in P 1 parameterizing the irreducible 
fibers. Since the Lefschetz pencil C — > P 1 has a section, the relative compactified Jacobians of 
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different degrees are all isomorphic. Hence they all admit a section a : P 1 — > N and there are no 
multiple fibers. 

Lemma 6.4. Let N be the degree zero relative compactified Jacobian of a genus two linear system 
on a general Enriques surface T , and as usual let X be the quotient of N by the fixed point free 
involution $2.18]) . Then N — > P 1 and X — > P 1 have exactly 16 singular fibers, each of which is a 
rank one degeneration of an abelian surfaced 

Proof. First we recall that since the Jacobian variety of a union of two smooth curves meeting 
transversally in one point is smooth and compact, we only need to prove the Lemma for the fibers 
over the nodal curves. Moreover, as we have already mentioned in the proof of Proposition 13.91 
the compactified Jacobian of an irreducible curve with one node is a rank one degeneration of an 
abelian variety, we only need to prove the result for X. Let C C T be an irreducible curve with 
one node, and let D — > C be the induced double cover and let / : D — > C be the induced double 
cover between the normalizations. Applying t* to the exact sequence 

l^CxC*^ Pic°(L>) -> Pic°(5) -»• 1, 

we get 

1 -> C* -> /* Pic°(C) -> /* Pic°(C) -> 1, 
and it is not hard to see that Fix(t*) C Jac°(L>) is obtained by compactifying the C*-bundle over 
/*Pic°(C) to a P^bundle, and glueing appropriately the zero and infinity sections. □ 

Proposition 6.5. The Euler characteristics of N and of X are trivial. 

Proof. This follows from the above Lemma, since a rank one degeneration of an n > 2 abelian 
variety has trivial Euler number. By cutting and pasting, it follows that 

(6.7) xtop(X) = 0. 

□ 

It would be interesting to compute the Euler characteristic of N in the higher genus case. 
Since \C\ is a Lefschetz pencil, we may apply Theorem 13.11 to get, 

tti(X) = Z/(2) x Z/(2), and m(N) = Z/(2). 

Next, we have the computation of the second cohomology group. 
Theorem 6.6. H 2 (X, C) ^ H 2 {N, C) ^ C 10 . 

As we said, the strategy to compute this cohomology group is the same as in the general case. 
However, in this case, in fact, the universal family C is isomorphic to the blow up of T in the two 
base points of the linear system |C|. Hence, 

(6.8) H\C) = H 2 (T)®C 2 = C 12 . 

Notive, nevertheless, that the argument to prove that H 2 (N,C) = H 2 (X,C) = H 2 (Y,C) (Section 
HI) applies verbatim in this case. It is thus enough to prove that H 2 (N,C) = C 10 . 

Let V C P 1 be the open set where C — > P 1 is smooth, and as usual let U C P 1 be the open set 
where N — > P 1 is smooth. The exact sequences (I4.16P and (I4.19D are here replaced by 

(6.9) -> ^(NvX) -> H 2 {N,N V ) -4- H 2 {N,C) -> H 2 (N V ), 



^By rank one degeneration of an abelian variety of dimension n we mean a variety obtained by glueing (up to a 
translation in the base) the zero and infinity sections of a P -bundle over an (n — l)-dimensional abelian variety. 
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and 

(6.10) -> H l (C v ,C) -> H 2 (C,Cv) -> H 2 (C,C) -> # 2 (Cy,C). 

The Leray spectral sequence of both fibrations degenerates because the base is 1-dimensional (cf. 
[FSPg] ) so that 

H 1 (Ny, C) ^fr^Cv.C) ^^(VjC) =c 17 . 
Using Poincare-Lefschetz duality as in the general case (cf. equation (I4,15j) ). we have 

(6.11) H 2 (N, N v ) ^ H°(N A \ S(N A )) = C 18 
and H 2 (C,Cy,C) = C 20 . It follows that we have two exact sequences 

(6.12) C ^H 2 (N,C)^+H 2 (N V ,C) 



C 3 »- H 2 (C, C) — U. H 2 (C V ,C)- 

The second vertical arrow is induced by the inclusion j : Cy C Ny which in turn is induced by a 
section C — > P 1 of the family of curves. 

It is enough to prove that the images of the maps r and s are isomorphic and we will achieve this 
by proving that the restriction morphism j* induces an isomorphism of MHS 

(6.13) H 2 {N V ,C) = H 2 (Cy,C)- 

Since j* is a morphism of MHS, it is enough to prove that the graded pieces of the Leray spectral 
sequence are isomorphic. However, compared to the previous case, we cannot apply directly the 
argument that proved that H°(V, -R 2 n*Cjv) = C, because we used the irreducibility of the dis- 
criminant locus, whereas there is no problem for the cohomology of the other local systems. The 
following proposition ends the proof. 

Proposition 6.7. Let \C\ be a general genus two linear system on a general Enriques surface 
T. The monodromy action on the first cohomology of the fibers of the Jacobian fibration N is 
irreducible. 

Proof. The generality assumptions on the linear system allow us to assume that the singular fibers 
of |C| are as in Corollary 16.31 Fix a point t in V, and let 

be the monodromy representation. Since the monodromy action preserves the symplectic pairing, 
we can identify if 1 (Ct, C) and H\{Ct, C). To prove that there are no invariant subspaces, we argue 
by contradiction. Suppose therefore that there is a non trivial invariant subspace 

(6.14) Fc#i(C t ,C). 

We first check that F is a symplectic subspace. Applying Theorem l3.2l to — > P , recalling Lemma 



and using the fact that tv\(N) = Z/(2), we know that the vanishing cycles cJ i associated to a set 
of generators {A^} of 7Ti(V), generate over Z an index two sub lattice R' C H\{Ct, Z). In particular, 
the set {a'j} generates the complex vector space H\(Ct,C). Since the intersection pairing is non 
degenerate, it follows that for any /3 in F we can find a i{(3) such that the vanishing cycle oc'^^ 
satisfies 
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As F is an invariant subspace, it follows that PL\ 
that 



»(/3) 



\oi\rp\ lies in F, 



and thus 



3.15) 



a 



€F, 



and that F is a symplectic subspace. Since the action preserves the symplectic pairing the orthog- 
onal complement F 1 - is also invariant and, by the same argument as above, symplectic. It follows 
that the invariant subspaces F and F^ are two dimensional and irreducible. 

The above argument also shows that every vanishing cycles a[ lies either in F or in F-^. In 
particular, we can decompose R' = R F © Rf±, where Rp and R F ± are the sublattices generated 
by the vanishing cycles that lie in F and F^ respectively. Since R C -fT 1 (Cf,Z) has index two, 
it follows that the determinant of the intersection matrix for R is 4. Moreover, Rp and R F ± are 
orthogonal with respect to the symplectic pairing so that, up to switching F and F^, we can find 
a basis Bp of Rp and a basis Bp± of Rp±_ such that the intersection matrix of R with respect to 
(Bp, Bp) is of the form 



.16) 



V 







1 



In particular, we can assume that R F ± is primitive. To simplify notations, set E := F- 1 , E% := R F ±, 
and let F% be the orthogonal complement of E% in H 1 (Ct, Z). Then F% is primitive and by Corollary 
(1.2.6) of |BHPvdV04j we have 

(6.17) H 1 (C t ,Z) = Fz®E z . 

On the other hand, we have the following commutative diagram, 



.18) 



D ~ 



H°/(C t ). 



The left hand side vertical arrow is the composition of the base change inclusion i? 1 (Cf,Z) C 
H 1 (Ct,C), and the De Rham isomorphism. The top horizontal arrow is given by the exponential 
sequence, the right hand side vertical arrow is the Dolbeaut isomorphism, and the bottom arrow is 
the projection onto the Dolbeaut group. The two spaces p(F) and p(E) contain the lattices Dj(F%) 
and Dj((Ez) respectively, and hence are both 1 dimensional subspaces. Set F' = D~ 1 p(F) and 
E' = D- 1 p(E). It follows that 

(6.19) F t := F'/j(F%), 

and 



(6.20) 



E t := E'/j{E 2 



are two smooth elliptic curves and that, since Nt = H 1 (Ct,Oc t )/H 1 (Ct,1'), we have 
(6.21) Nt^E t x F t . 

Since E% and F% are orthogonal and primitive, the intersection product on H 1 (Ct,Z) breaks into 
the sum of the intersection products on the two factors. Recall now that the intersection product on 
if 1 (Ci,Z), viewed as an element in H 2 (Nt,1) = A 2 H 1 (Ct,Z), corresponds to the theta divisor. It 
follows that the isomorphism in (I6.21f) is an isomorphism of principally polarized abelian varieties. 
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Since Nt is the Jacobian of a smooth genus 2 curve, it cannot break in the product of two principally 
polarized abelian subvarieties. This gives a contradiction and we have proved the Proposition. □ 

By Proposition 13.91 we can use the same argument and show that H 2 (N) = H 2 (Y). 
Corollary 6.8. The Hodge diamond of Y, N and X is 

1 


10 
1 10 10 1 



Proof. Notice that from the computation of H 2 (N), it follows that H 2,0 (N) = since H 2 (N) injects 
into H 2 (C). The corollary this follows from the fact that x(N) = 0. □ 
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